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COMPLETE FAMILIES OF COMMUTING FUNCTIONS FOR COISOTROPIC 

HAMILTONIAN ACTIONS 

ERNEST B. VINBERG AND OKSANA S. YAKIMOVA 

o 

CM ■ Introduction 

5— i ! 

In this paper, we study symplectic and Poisson algebraic varieties. Let us start with the 
main definitions. 

O . 

CNj . Definition 1. Let A be a commutative associative algebra equipped with an additional 
anticommuting operation { , } : A x A — > A called a Poisson bracket such that 

o 

for all a,b,c G A. Then A is called a Poisson algebra. An ideal of a Poisson algebra is 
said to be Poisson if it is invariant with respect to the Poisson bracket; a homomorphism 
cp : A — > % of Poisson algebras is said to be Poisson if cp({x, j}) = {cp(x) , cp(y) } for allx,y £ A. 
The Poisson centre of A is the set {a G A \ {a, A } = 0}. 



{ab, c} = a{b, c} + {a, c}b, 
{a, {b, c}} + {b, {c, a}} + {c, {a,b}} = 0, 



(N 
> 

Q\ ■ Let M be an irreducible affine variety defined over a field F of characteristic zero. De- 

note by M(F) the set of its points over the algebraic closure of F. As usual, F[M] and 
F(M) := QuotF[M] stand for the algebras of regular and rational functions on M, respec- 
tively. They can be considered as subalgebras of F(M(F)), where F[M(F)] = ¥[M] ® F. All 
subvarieties of M, all differential forms on M, and all morphism of M are supposed to be 
defined over F. 

Suppose there is a non-degenerate closed regular 2-form a> on the smooth locus of M. 
Then (0 induces a Poisson bracket on F(M). The variety M is said to be symplectic if F[M] 
is a Poisson subalgebra of F(M), i.e., if {F[M],F[M]} C ¥[M). In particular, this is always 
the case for normal affine varieties. Set 2n :— dimpM = tr.degF(M). A family of functions 
{/l,.. . ,/„} C F(M) such that {/;■,/;} = for all i and j is said to be complete if the fi's are 
algebraically independent. 

The simplest example of a symplectic variety is an even-dimensional vector spaces V 
equipped with a non-degenerate skew-symmetric bilinear form (0. Each Lagrangian de- 
composition V = V+ ffi V- gives us a complete family of linear functions on V, namely, 
one has to take a basis for V+. Another familiar example is the cotangent bundle of a 
smooth irreducible affine variety Y , M = T*Y , equipped with the canonical symplectic 



2000 Mathematics Subject Classification. 17B63, 53D17. 

Key words and phrases. Symplectic variety, Coisotropic action, Coadjoint representation. 
This research was supported in part by CRDF Grant no. RM1-2543-MO-03 and RFBR Grant 05-01-00988. 

1 



structure. Here ¥[Y] is a Poisson commutative subalgebra of F[Af], i.e., {F[Y],F[Y]} = 0. 
Since dimM = 2 dim} 7 , the subalgebra F[Y] contains a complete family of functions on M. 

It is a challenging open problem to prove that for each affine symplectic variety M the 
Poisson algebra ¥[M] contains a complete family. 

Suppose h G ¥[M]. Let r\h be a vector field on the smooth locus of M uniquely de- 
fined by the formula dh = &(r\ h , .). Then r\ h defines a Hamiltonian dynamical systems on 
M, and any function f on M such that {h,f} = is called a first integral of this system. 
The intersection of the level hypersurfaces of first integrals is stable with respect to the 
flow generated by r\h- Thus, to understand dynamical properties of r\h, it is desirable to 
construct as many independent first integrals as possible. The triple (M, (0, h) is said to 
be completely integrable if there are algebraically independent first integrals f\ , . . . , f n such 
that {fjj} = and 2n = dimM. 

Definition 2. An irreducible affine algebraic variety X is said to be Poisson if ¥[X] is a 
Poisson algebra. 

Any Poisson structure on ¥[X] uniquely extends to ¥(X). 

Let G be a connected linear algebraic group over F with g := LieG. Recall that S (g) = 
F[g*] equipped with the Kirillov bracket is a Poisson algebra, i.e., g* is a Poisson variety. 

Definition 3. An algebraic action G x X — > X is said to be Hamiltonian if there is a G- 
equivariant map, called the moment map, %: X ^ q* such that %* : S (g) — > F[X] is a Poisson 
homomorphism. 

Each function in 71* (5 (g)) is called a Noether integral on X. Their most important prop- 
erty is given by the Noether theorem: {¥(X) g ,ti*(s(q))} = 0. Our goal is to construct a 
complete family of Noether integrals on a Hamiltonian symplectic G-variety M. To this 
end, we have to study the closure %{M) C g*, which is a Poisson variety, not necessarily 
symplectic. 

Let X c g* be an irreducible G-invariant subvariety. Then X is a zero locus of a G- 
invariant prime ideal / <\S (g). Being G-invariant means that {g,/} C /. In other words / 
is a Poisson ideal. Hence ¥[X] is a Poisson algebra (a Poisson quotient of S (g)) and X is a 
Poisson variety. Set 

l(X) := (dimX + tr.degF(X) G )/2. 
It follows from Rosenlicht's theorem, that l(X) = dimX — \ max yeX ^^ dim(gy), where X (F) C 

(g ® ¥)*. Let i? C F[X] be a Poisson commutative subalgebra. Take y e X(¥) such that 
the G-orbit Gy is of maximal possible dimension. A subspace (dya \ a E C T*X C g, 
generated by the differentials, is isotropic with respect to the symplectic form %x,y) = 
y([x,y\) (here x,j e g). Hence the dimension of this subspace is less or equal to /(X) and 
also tr.degT? <l(X). A family . . . C F[X] is said to be complete if {fjj} = for all 

/, 7 and /i , . . . , //m are algebraically independent. 
The following is the main result of this paper. 
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Theorem 1. Let I be a G-invariant prime ideal of S (g) and X = Spec(5 (g) //) the corresponding 
Poisson variety. Then there are functions /i, . . . y fux) € S (g) such that their images f in s (g) // 
form a complete family on X. 

In case X = g* the existence of a complete family in F[g*] = 5(g) was conjectured by 
Mishchenko and Fomenko fll3], and proved by Sadetov |15|. A clearer treatment of this 
result is given by Bolsinov [2J. Our proof of Theorem [T] follows the same strategy as the 
proofs of Sadetov and Bolsinov for s (g). First we establish this result in case of reductive 
G (see Section 12). In the general case, we argue by induction on dimG (see SectionH). 
Acknowledgements. The work on this article was started during our visit to the Max- 
Planck-Institut fur Mathematik (Bonn). We are grateful to this institution for the warm 
hospitality and support. 

1. Applications of Theorem Q] 

Let (M, co) be a symplectic affine variety and GxM^Ma Hamiltonian algebraic action. 
Write M(W) sm for the smooth locus of M(F). For each x E M(¥) sm denote by (gx) 1 - the 
orthogonal complement of gx taken with respect to (0. The function x t— ► dim(gxfi (gx)- 1 ) is 
constant on an open subset U C M(¥) sm and its value d on U is said to be the defect of the 
action GxM^M (see (M Chapter 2, §3]). 

Definition 4. The corank of G x M — > M, denoted by corkM, is defined by the formula 

corkM := min dim(gx)" 1 " —d . 

xeM(¥) sm 

In other words, it equals to the the rank of the form w|( 0x )± for generic x e M(F) sm . A 
Hamiltonian action of G on a symplectic variety M is said to be coisotropic if corkM = 0, 
i.e., if (gx) 1 - C gx for generic x 6 M(¥) sm . 

Theorem 2. Let Gx M —> M be a coisotropic Hamiltonian action and % : M — > g* the corre- 
sponding moment map. Then there are functions /i, . ..,/„ e S (g), where n = dimM/2, such that 
{rc*(/i), . . . ,n*(f n )} is a complete family on M. 

Proof. Set X := 7t(M). Let x E M(F). Because n* is a G-equivariant Poisson homomor- 
phism, the kernel of dn x coincides with (gx) 1 <8>F. Therefore, dimX = max xeM ^ dim(gx) 
and maXy eX ^ dim(gy) = max^^^ dim(gx) — d. Choose x E M(F) such that dim(gx) is max- 
imal. Then 

l(X) = dim(gjc) - - (dim(gjc) -d) = (dim(gx) +d)/2 = (dimM -corkM) /2. 

Clearly, 21 (X) = dimM if and only if the action G x M — > M is coisotropic. By virtue of 
Theorem [H there is a complete family {f} in ¥[X}. Since corkM = and n* is a Poisson 
homomorphism, {ft*(fi)} is a complete family on M. □ 

Corollary. A Hamiltonian action Gx M ^ M is coisotropic if and only if there is a complete 
family ofNoether integrals on M; or, equivalently , each G-invariant Hamiltonian system on M is 
completely integrable in the class ofNoether integrals. 
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Theorem 3. Let GxM — > M be a Hamiltonian action with corkM = 2. Then there is a complete 
family in F(M). If in addition generic G-orbits on M are separated by regular invariants, then 
there is a complete family in F[M]. 

Proof. Set X = n{M). Then 1{X) = dimM/2 - 1. By Theorem [Q there are functions 
f\i---ifl{x) e ^(fl) such that their restrictions to X form a complete family. Set R : = 
71* (5(0)). Let (d x R) be the subspace of T*M(¥) generated by all differentials d x f with 
f E R. Since (fix) 1 is the kernel of dn x , we have (d x R) = Ann((gx)- L ). By Rosenlicht's theo- 
rem, generic G-orbits in M are separated by rational invariants. Therefore, (d x (¥(M) )) = 
Ann (fpc) for generic x G M(F). Since the action G x M — > M is not coisotropic, (fpc) -1 ^ (fpc) 
and there is at least one /z G F(M) G such that functions {h,n*(fi),...,it*(fu x y)} are alge- 
braically independent. Recall that {¥(M) G : R} = 0. Thus {h,%*(fi), . . . ,7i*(/ /(x) )} is a com- 
plete family on M. If generic G-orbits on M are separated by regular invariants, then 
W(M) G = QuotF[M] G and we can choose h in F[M] G . □ 

Let us say a few words about cotangent bundles. It was already mentioned that a 
complete family always exists here. But the construction of Theorems [T] and |2] provides 
other examples of complete families, which can be useful for other Hamiltonian systems. 

Suppose that M = T*X, where X is a G-variety. Then M possesses a canonical G- 
invariant symplectic structure such that the action of G is Hamiltonian. If the action 
G x M — > M is coisotropic, then X has an open G-orbit 0. For reductive G one can say 
more. 

Suppose F is algebraically closed and G is reductive. By a result of Knop (8), the action 
of G on T*X is a coisotropic if and only if a Borel subgroup B of G has on open orbit on X. 
Normal varities having an open 5-orbit are said to be spherical. It was known before that if 
X is spherical and X = G/H, where H is a reductive subgroup of G, then each G-invariant 
Hamiltonian system on T*X is integrable within the class of Noether integrals, see |TT|, 
0. Here we extend this result to all affine spherical G-varieties. Smooth affine spherical 
varieties are classified (under mild technical constraints) in Q. It would be interesting to 
study complete families on their cotangent bundles. 

Other well-studied coisotropic actions on cotangent bundles are related to the so called 
Gelfand pairs. Suppose F = R and M — T*X, where X = G/K is a Riemannian homogeneous 
space. Then X is called commutative or the pair (G,K) is called a Gelfand pair if the action 
G x M — ► M is coisotropic. Gelfand pairs can be characterised by the following equivalent 
conditions. 

(1) The algebra <D (X) G of G-invariant differential operators on X is commutative. 

(2) The algebra of ^-invariant measures on X with compact support is commutative 
with respect to convolution. 

(3) The representation of G on L 2 (X) has a simple spectrum. 

Theorem |2] and its corollary provide two more equivalent conditions. 

(4) There is a complete family of Noether integrals onT*X. 
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(5) Each G-invariant Hamiltonian system on M is completely integrable in the class 
of Noether integrals. 

According to IIT6I , if G/K is a Gelfand pair and G = N XL is a Levi decomposition of G 
such that K C L, then R[n} L = R[n} K and n is at most two-step nilpotent. These conditions 
guarantee that the construction of a complete family on 7i(M) would have at most three 
induction steps. Thus, one can hope for precise formulas for our commuting families 



and applications to physical problems. Gelfand pairs are partially classified in [18] and 
completely in ||T9f. 

2. The reductive case 

In this section, G is a connected reductive algebraic group. Here one can apply a very 
powerful tool, the so called "argument shift method". It was used by Manakov llTOl , 
Mishchenko and Fomenko fl2], and Bolsinov [lj in constructions of complete families on 
g* and coadjoint G-orbits. The reader is referred to [|6[ Chapter 4] for a thorough exposition 
and historical remarks. Let us briefly outline this method. 

Let r be the rank of g. Choose any set F\, .. .,F r of free generators of F[g*] G . For any 
a G g*, let 7 a denote a finite set {d k a Fj \ k > 0,i = 1,. ..,r} C s(q). Then { f a ,7 a } = 0, see e.g. 
[[141 Sections 1.12, 1.13]. Here we should mention that this fact is stated for F = C in [14], 
but the proofs are valid over all fields of characteristic zero. 

Recall that the index of a Lie algebra g is the minimum of dimensions of stabilisers g^ over 
all covectors £, G g*, i.e., indg = mindimg?. 

Theorem 4. [1 , Theorem 2] Suppose g is a complex reductive Lie algebra and £, G g*. Then there 
is a G g* such that the restriction of fa to the coadjoint orbit G£, contains ^dirr^G^) algebraically 
independent functions if and only z/indg^ = indg. 

Conjecture (Elashvili). If g is reductive and £, G g*, then indg^ = indg. 

For the classical Lie algebras, Elashvili's conjecture is proved in [17] under the assump- 
tion that charF is good for g. W. de Graaf used a computer program to verify the conjec- 
ture for the exceptional Lie algebras, see [4]. Unfortunately, a case-free proof proposed by 
J.-Y. Charbonnel contains a gap in the final part, Lemma 5.11. A conceptual proof of 
Elashvili's conjecture is highly desirable. 

Let K flj | be a linear subspace of 7^*(g*) generated by the differentials {d^F | F G J a } and 
V a £ the restriction of V a p to T^(G^) = g^. Since the orbit G^ is a symplectic variety and the 
subspace V a ^ is isotropic, we get 2dimV a ? < dim(G^). The restriction of 7 a to G^ contains 
a complete family if and only if there is a' G Ga such that 2dimV a / 1 = dimG^. 

Assuming that Elashvili's conjecture is true, we get 

Proposition 1. Let gbe a complex reductive Lie algebra. Then for each ^ G g* there is a G g* such 
that 2dimV a % = dimG^. 

Lemma 1. The statement of Proposition^\holds over any algebraically closed field F of character- 
istic zero. 
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Proof. Let us fix a Q-form jjq c g. It exists because g is reductive and the ground field 
is assumed to be algebraically closed. Set g(C) := 0q®C. Choose a set of generators 
{F h . . . ,F r } C S (gq) G . Since C[g(C)*] G = Q[0q] g <g> C the polynomials F h . . . ,F r are also 
generators of S (g(C)) G , and by the similar reason of 5 (g) G - Take any £, G 0(C)*. According 
to Proposition [1} there is a G 0(C)* such that 2dimV a £ = dimG^. The family J a depends 
on a G 0(C)* regularly. Therefore condition 2dimV a ? = dimGS, holds for the elements of 
an open subset £/ C 0(C)*. Since the intersection £/H0q in non-empty there is a G 0q with 
this property. 

Assume that there is y G q* such that dimGy = 2m and dimVaj < m for each a G 0q. 
Set y a := G 0q I dimV a | < m} and i^, := G 0q | dim(G^) < 2m - 2}. These are closed 
subvariety of 0q and y G F a (F) for all a G 0q. As we have just seen n flGfl ^F a (C) = P m (C). 

Hence the equality holds over any extension of Q, in particular over F. Thus y G P m (¥). A 
contradiction. □ 

Proof of Theorem\l\in the reductive case. Let / be a prime Poisson ideal of S (0) and X(¥) a 
closed subvariety of (0 ®F)* defined by /. 

Choose a set of homogeneous generators {F\,...,F r } c F[0*] G . Let Fj denote the re- 
striction of Fi to X. Each fibre of the quotient morphism 0* — > X//G contains finitely 
many G-orbits. Hence for generic ^ G X(F) the differentials {dtPi \ i = 1, . . . ,r} generate 
a subspace of dimension d := dimZ — dim(G^). According to Lemma [TJ there is an ele- 
ment a G (0 £g> F)* such that the restriction of 7 a to G(F)£ contains a complete family i.e., 
2dimy fl ^ = dim(G(F)^. There is an open subset of such elements. In particular, we may 
(and will) assume that a G 0*. Then f a is a subset of S (0). Each differential d^Fi is zero on 
0^. Therefore 

dim(^/| fe J a \x) = J + dim(G^)/2= (d + dimX)/2 = Z(X) 
and the restriction of to X contains a complete family. □ 

3. Auxiliary results 

In this section we collect several facts concerning structural properties of algebraic Lie 
algebras. They will be used in the proof of the main theorem. 

Definition 5. A (2rc+l)-dimensional Lie algebra () with n > is a Heisenberg algebra if 
there is a basis {xi,...,x n ,yi 7 ...,y m z} for f) such that [xi,xj\ = [yi,yj] = 0, [f),z] = 0, and 
[xi,yj] =&ijz. 

Lemma 2. Suppose n is a nilpotent Lie algebra such that each commutative characteristic ideal of 
n is one-dimensional. Then n is a Heisenberg algebra. 

Proof. Let 3 be the centre of n. Then dimj = 1. Consider the upper central series of n 

3 = n C m C n 2 C • ■ ■ C n k -i c n k = n, 

i.e., ttj/ttj :_i is the centre of n/ti;_i. The centre of rti is a commutative characteristic ideal 
of n. Hence, it is one-dimensional (coincides with 3) and ni is a Heisenberg algebra. Let 
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3n(ni) be the centraliser of ni in n. Clearly, 3 n (ni) is an ideal in n. We claim that n = 
til +3n(ni) and ni fi3 n (ni) = 3. Indeed, let £ G n. Then [£,ni] C no and there is an element 
^0 e ni such that [£ - £0, m] = 0. 

Let 30 be the centre of 3n(ni)/3- Since n/3 = (tii/3) © (3n(ni)/3) is the direct sum of two 
ideals, 30 lies in the centre of n/3. Thus, 30 C (tti/3) and 30 = 0. Since 3 n (ni )/% is a nilpotent 
Lie algebra, we have 3 n (ni )/3 = 0, and n = ni is a Heisenberg algebra. □ 

Let N be the unipotent radical of G. Set n := LieAf. For any action P xY ^ Y let Y/P 
stand for the set of P-orbits on Y. 

Lemma 3. Suppose N is a Heisenberg group and the centre 3 o/n lies in the centre of g. Given a 
non-zero a G 3*, set Y a := {y e g* | y| 3 = a}. Then Y a /N = SpecF^]^; the natural action ofG/N 
on Y a /N is Hamiltonian and the moment map cp : Y a /N — > (fl/n)* is an isomorphism. 

Proof. Choose a Levi decomposition G = N\L and let V be an L-invariant complement 
of 3 in n. Set S a := {y G Q*\y(V) = 0,y| 3 = a}. In other words, S a = (fl/n)* + a, where 
a G g*, a(V) = 0, a(I) = 0, and a| 3 = a. Clearly S a C Y a . Each point y G Y a can be uniquely 
presented as a sum 

y = (3 + ad* (r|) -a + a, where (3(n) = and r\ e n. 
Thus ^yn5a=Y-ad*(ri)-Y+i(acl*(ri)) 2 -Y= {pt}. 

Set (p(y) := Ny(~)S a - Then we obtain an isomorphism cp : F a /N — > (fl/n)*. Therefore Y a /N is 
an algebraic variety (an affine space) and F[y a /Af] = FfFa]^. For the rest of the proof we fix 
the isomorophism (fl/n)* = I* given by the Levi decomposition g = [©n and the induced 
isomorphisms S a = (I* + 6c) ^ I*. 

Let us check that cp is G-equivariant. It is enough to verify that cp(Z ■ Ny) = I • ty(Ny) for 
/ G L. Without loss of generality, we may assume that y G S a . Then ly G S a , (I • Aty) n = 
and (p(/ ■ Afy) = ly- oc = J(y— a) = I ■ <p(Ny). 

It remains to prove that cp* is a homomorphism of the Poisson algebras s(g/n) and 
¥[Y a ] N . We have to show that {cp*(/i),(p*(/ 2 )} = q>*({/i./2» for all f u f 2 e 5(fl/n). Since 
both cp*(/i) and (p*(/2) are Af-invariant, it is enough to check the equality on 5 a . 

Let y G S a - Recall that we have identified S (fl/n) with s (I) C S (g). This identification 
gives us that {/i,/2}(6c) = 0, and, hence, 

{/i,/2}(Y) = {/i,/2}(Y-«) = {/i,/2}(9(A A Y)) = <P*({/i,/2»(y)- 

Below we show that {<P*(/i),<P*(/2)}(y) is equal to {/i,/2}(y). It is well-known that 
Gy is a symplectic leaf of y a and g*. Also Ly is a symplectic leaf of S a - We have 
Ty(Gy) = Ty(Ly) © T y (Ny), where T y (Ly) = ly and T y (Ny) = ny are orthogonal and P y (Ly) C 
TyS a - Let Fj be the restriction of (p*(/;) to Gy. Since Gy is a symplectic leaf of g*, we have 
{(p*(/i),(p*(/ 2 )}(Y) = {^i^Ky)- Clearly the functions F\ and F 2 are Af-invariant, hence 
J Y F ; -(nY) = 0. Thus {F h F 2 }(y) = {Pi |l t ,F 2 |l y }(y) = {/i,/2>(y) and we are done. □ 

Corollary. In the setting ofLemma\3i we have 

W][l/z}f = S(g/n) ®F[z, 1/z] c 5(fl/n) ®F( 3 *), 
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where z is a non-zero element 0/3. Moreover, if X c 5* is a closed G-invariant subvariety such 
that z\x ^ 0/ ^en (¥[X] [1 /z]) N is a Poisson quotient of S (g/n) <g> F[z, 1 /z]. 

Proo/. Set X a := X n Y a . Then 5 a n X a defines a section of X a /N, i.e., X„/iV = X a n S a = Pa, 
where p a C (g/n)* is a closed G-invariant (Poisson) subvariety. Therefore (F[X] [1/z])^ is a 
Poisson quotient of 5 (g/n) ®F[z, 1/z]. □ 

Remarkl. From Lemma|3]one can deduce that F(g* ) G = ¥ ( (g/ti) * ) G / w <g> F (3 * ) . In particular, 
in this case F(g*) G is a rational field. 

Let H < N be a connected commutative normal subgroup of G with Lie// = fj. 

Lemma 4. Fz'x a e fj* and let Y a be the preimage of a under the natural restriction g* — > f)*. Then 
Y a /H = Spec¥[Y a ] H and the restriction map n a ■ Y a — > (g a )* defines an isomorphism Y a /H = 
(fla/f,)* x {a}. 

Proo/. Let £, e g a , & G f), rj 6 g. Then 

(fc-Tflft) = y(MD = a([Ti,fc]) = -(Ti-a)(fc). 

Therefore //y = y+ fjy = y+ (g/g a )* and each non-zero fibre of the natural G a -equivariant 
restriction n a : Y a — > (g a )* is exactly one //-orbit. Let us fix a decomposition g = g a ©m. 
Choose any a 6 g* such that a(m) = and a|j, = a. Then y a = (g/f))* + a and 7T a (y a ) — 
(g a /f})* x {a} - (ga/f))* x {a}. * □ 

Until the end of this section, we assume that F = F. Suppose that X c g* is a closed 
G-invariant subvariety. Let Pf, C f)* denote the image of X under the restriction g* — > f)*. 
SetK:=F(yj,) and 

(1) 3:={£efl®K|[U]fo)=0}, 

(2) f) := e f)®K I a(^(cx)) = for each ae^ such that £(a) has sense}. 

Then g is the Lie algebra of all rational morphisms t, : pf, — > g such that £(a) e g a whenever 
£(a) is defined. 

Since f) is a commutative ideal of g, we have f) ® K < g. Moreover, f) is also an ideal of g. 
The main object of our interest is the quotient Lie algebra g := g/f). Another way to define 
this Lie algebra is to say that g := {£, e g ®f, K | [£, fj] (p^) = 0}. 

Set A := (F[Z] tg) F[j[) ] K) w = F[Xp ® F[?1)] K. Then the algebra J? carries a natural Poisson 
structure induced from ¥[X]. 

Lemma 5. Suppose that F = F. Then A is a Poisson quotient of S (g). 

Proof. Both algebras A and S (g) consist of rational functions on pf, with coefficients in 
K[X] W and S (g), respectively. Thus, it suffices to verify the claim at generic a e pp,. 

Fix a vector space decomposition g = g a © m and let s : {a} x (g a /f))* — ► Ann(m) C F a be 
the corresponding section of n a - Then 5 a := Ims is a closed subset of Y a and by Lemma HI, 
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S a n X = it a (Y a n X) = (X n Y a ) /H. Let A a be the subset of functions that are defined at a. 
Then for generic a G %u we have a surjective map 

£ a : R a ^¥[Y a nX] H ^w[s a nx}. 

On the other hand, g(oc) := {^(oc) | £, G g} = g a for generic a G j:^. The algebra g(oc), 
defined in the same way, is a 1-dimensional central extension, (g a /f)) ©Fw, of g a /f} given 
by 

+ M + := (£,r|] + f))+a£,r|]w, wherein G g a , 

and a G g« is a linear function such that a\^=a. Hence (g(oc))* = (g a /f})* x Fa and S a HI 
is a closed subset of (g(oc))*. 

Therefore A is a quotient of 5 (g). Since the Poisson structure on & is induced from F[X] 
and X is a Poisson subvariety of g*, it is indeed a Poisson quotient. □ 

Remark 2. Informally speaking, A is the algebra of functions on the set X of all rational 
morphisms \|/ : Pf, — > X such that \|/(a) G (X nS a ). Here X is also a set of the //-invariant 
rational morphisms \|/ : £j, — »• X such that i|/(oc) G (inF a ). 

4. Proof of Theorem Q] 

Let / < 5 (g) be a G-invariant (i.e., Poisson) prime ideal and X c g* a subvariety defined 
by /. Then fp := F[X] = 5 (g)// is a Poisson algebra. In this section we construct a complete 
family onX. 

Set n := dimX = tr.deg!P, J := tr.degF(X) G . Then n — <Z is the dimension of a generic G- 
orbit on X, and / = /(X) = (n + d)/2. The task is to construct / functions fi G 5(g) such 
that {fiifj} G / and their restrictions to X are algebraically independent. We argue by 
induction on dimg. 

In case of reductive G, Theorem [TJ is proved in Section |2l Assume therefore that G is 
not reductive. If / contains a non-trivial ideal c < g, then X c (g/c)* and we can replace g 
by g/c without loss of generality. Below we assume that / n g = 0. Let n be the nilpotent 
radical of g and N C G the connected subgroup with LieA^ = n. 

• Suppose that n is a Heisenberg Lie algebra and 3 = [n, n] is a central subalgebra of 
g. Then Lemma |3] applies. Let z G 3 be a non-zero element. Since i^Ll, we have z\x 7^ 0. 
Set T := (&[l/z]) N . By Lemma T is a Poisson quotient of 5(g/n) <g>F[z, 1/z]. The Lie 
algebra g/n is reductive, therefore there are pairwise commuting functions G 
5 (g/n) <8> F(3*) such that their images form a complete family in T . After multiplying by a 
common denominator, we may assume that each fi G 5 (g/n). 

Choose a decomposition n = V+ © V_ © 3, where V + and V_ are commutative subalge- 
bras. Recall that n y = 3 for generic yGX. Therefore a generic ( G/iV) -orbit on X := Spec!? has 
dimension (n — d) — (dimn— 1). Hence /(X) = /(X) — (dimn— l)/2 in case 5(3) (II ^ 0; and 
/(X) = /(X) - (dimn + 1)/2 otherwise. If 5 (3) fl / = 0, then fi,...,f m together with a basis 
for V + © 3 give us a complete commutative family on X. On the other hand, if 5 (3) fl / ^ 0, 
then we add a basis for V + to {fi} and again obtain a complete family on X. 
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• If the previous case does not hold, then either n is a Heisenberg Lie algebra such that 
[n, n] is not a central subalgebra of g, or n contains a commutative characteristic ideal f) 
such that dimf) > 1, see Lemma |2l In both cases, there is a commutative ideal I) C n of 
g such that either [g, fj] ^ or dim fj > 1. Set Iq := in S (f)) and let £1, be the subvariety of 
f)* defined by Iq. By definition, Pf,(F) coincides with the image of the natural projection 
X(F) -> (f> <g)F)*. 

Set IK := F(y^). Consider a Lie algebra g := {£, G g ®^ K | f)} C /o ® IK}- Over alge- 
braically closed field g coincides with the quotient g/f}, where g and f) are defined by 

Formulas (1) and (2). In the general case we have g ®F = g <g> F/fj ® F. Set T :=P H ®w[^} 

By Lemma |5l fP (g> F is a Poisson quotient of S (g) <S> F. The Galois group Galf(F) of the field 
extension F c F acts on both these Poisson algebras. By taking fixed points of Galj^F), we 
conclude that T is a Poisson quotient of S (g) . 

We claim that T contains no zero divisors. Indeed, suppose x,y E <B and xy = 0. After 
multiplying x and y by suitable elements of the field Ffjj,), we may assume that x, y E P*>. 
Since the ideal / is prime, we get x = y = 0. 

SetX :=Spec!P. ThenX eg* is Poisson subvariety defined over K. Let us compute l(X). 

Let k be the dimension of a generic //-orbit on X. Note that k is also the dimension of a 
generic G-orbit in j;^ . Since f) is an algebraic Lie algebra consisting of nilpotent elements, 
we have ¥(X) H = QuotF[Xp. Therefore generic //-orbits on X are separated by regular 
//-invariants and tr.deg T v = n — k. Hence tr.deg T = n — k — dim . 

Next, K(X) — ¥(X) H ®k IK. Recall that X is a Poisson subvariety of g*. In particular, the 
Poisson centre ZK(X) of K(X) coincides with K(X) e . Because f) is commutative, () C F[X] W . 
Therefore the Poisson centre Z¥(X) H is equal to the Poisson centraliser R := {/ E ¥(X) \ 
{f,¥[X] H } = 0}. Clearly R contains both and Z¥(X) = F(X)». For generic y E X(¥), 
we have dim(()| B y) = dim(t)y) = k. Since all functions in F(X) are constant on G-orbits, 
the subspace of T*X generated by dyF^] and dy(¥(X) s ) has dimension d + k. Hence, 
tr.degT? > d + k. By a simple dimension reason tr.degT? = d + k. Since ZK(X) = Z¥(X) H %K, 
we get tr.deg K(X) = d + k — dimyp,. Thus 

l(X) = (dim K Z + tr.deg. K(X)0)/2= (n - k-dim^ +d + k- dim^) /2 = 

= (n + d)/2 — dimff, = l(X) — dimyp,. 

It remains to show that the dimension of g over ¥(jt ) ) is less than dim^g. If this is not 
the case, then g = g ® K and i) = (here [) is the same as in (2)). From the first equality we 
get [g, f)] C Iq, hence [g, f)] = 0; and by the second one dimf) = 1. Together these conclusions 
contradict the initial assumptions on f). 

Applying the inductive hypothesis to X, we construct l(X) — dimp^ functions fj E s(g) 
such that their restrictions give us a complete commutative family on X. After multiply- 
ing them by a suitable element of K, we may assume that fiES (g). The remaining dimr^ 
functions we get from S (f)). 

Thus, Theorem [TJis proved. 
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